Abstract-This paper reformulates the non-linear differential equations associated with time varying resistance in minimal cardio-vascular system models into a system of linear equations with an analytical solution. The importance of including time varying resistance is shown for a single chamber model where there is a 17.5% difference in cardiac output when compared with a constant resistance model. However, the increased complexity has significant extra computational cost. This new formulation provides a significant computational saving of 15x over the previous method. This improvement enables more physiological accuracy with minimal cost in computational time. As a result, the model can be used in clinical situations to aid diagnosis and therapy selection without compromising on physiological accuracy.
I. INTRODUCTION
Cardiovascular system (CVS) models in the literature either take a complex finite element (FE) approach, or the simple and more flexible lumped parameter (LP) approach. Here the focus is on the LP approach because it is simple, flexible and not as computationally intensive as FE methods. However, to capture greater detail in CVS dynamics, more physiologically accurate equations and variables must be added to LP models [1] . The addition of these equations and variables increases the complexity of CVS models making them more computationally expensive to solve. Complexity costs computational power and time, and should therefore only be added where significant benefits are obtained over a simpler method.
Typical LP model equations governing arterial flow rate come in two forms, either including or not including inertial effects. In both cases, resistance to blood flow is assumed constant under varying flow velocity and acceleration. It was shown in [1] that around heart valves the inclusion of time varying resistance produces results that are significantly different (17.5%) in terms of major haemodynamic response metrics from those generated by constant resistance models. However, this time varying resistance and velocity profile (VProf) method, as presented in [1] has significant extra computational cost.
An alternative method for setting up the model is given which turns the non-linear problem into a linear problem, simplifies the implementation and results in a significant computational saving with little loss in accuracy. Clinically, improved computational cost ensures these important dynamics can be considered if this otherwise simple model is used in therapeutic decisions or testing therapy choices.
II. METHODOLOGY
For a rigid pipe of constant cross-sectional area the velocity u in the x direction is described by the differential equation
where ρ is density and µ is the fluid viscosity ( νρ µ = ).
Equation (1) is derived from the Navier Stokes equations and can be integrated over the cross-sectional area and along the length of the pipe in the x direction to give:
where Q is the flow, l is the artery length and 0 r is the radius. 1 P and 2 P are the upstream and downstream pressures. Equation (2) can be compared to the constant resistance (CR) version of the equation [2] from a purely LP model
where L is inertance and R is the constant resistance. However, (2) V is volume at zero pressure and 0 P , λ , and 0 V define gradient, curvature and volume at zero pressure of the EDPVR curve, and in Q and out Q are the flow rates at the inlet and outlet respectively. The single chamber model is shown in Fig 1. Equation (5) ). This model therefore has an open on pressure, close on flow valve law using Heaviside step functions to determine change in state during the cardiac cycle [2] . Equations (4)-(6) are solved by a finite element method where the radius 0 r is equally spaced into N nodes and the derivatives r u and rr u are approximated by finite differences. These equations are coupled and nonlinear.
After simulation of the model with different parameters it was found that the volume could represented by parabolas and straight lines, as shown in Fig 2 
where the constant coefficients are based on the given patient specific values. The analytic expression for ) (t V is then defined: are straight lines. This format gives a total of four constant unknowns, one for each parabola. Each line is uniquely determined by the two time points, while the parabola requires the extra, constant parameter. Therefore, the resulting equations, which are in terms of these constants, are more readily solved when this definition for the volume is used. Note that if ultra-sonography is used the volume could be calculated for each time point using the technique of [3] . This approach would give the whole volume profile.
The advantage of setting the problem up in this way is that the differential equations now become linear. Let the number of nodes 4 = N . Then for in u u = the differential equations, using (10) and the assumed time values, are defined: where i r are locations along the radius, i u are flow velocity at those locations and ) (t P is the pressure gradient, defined: 
where A is known and
For further computational savings an analytical solution to (15) may be used, based on the eigenvalues and eigenvectors of A [4] . The advantage of that approach is that A is known and the eigen-vectors and eigen-values can be computed very quickly along with the final analytical solution.
III. RESULTS
A single chamber model is simulated first using the method in [1] and with constant resistance as in [2] . The model parameter values used are shown in Table 1 . The volume can also be approximated by parabola's and straight lines as in (10) . Fig. 3 and 4 shows a very close match with the results using the method in [1] with the plots overlaid. Table 2 . Q are also calculated. Note that 20 nodes is the minimum number that the FE method in [1] must use to have an error less than 1%. The computational speed increase is 14-16.6x, which is significant for large models of the full CVS as in [2] . The error between this approximate method and the more exact VProf approach in [1] is never greater than 1.8% and averages less than 0.5 % above 30 = N 
IV. DISCUSSION
The very small mean relative percentage errors in Table  3 show that the new method is more than sufficiently accurate. In particular, these errors are well within the measurement error using any technique. There is a 17.5% difference in stroke volume between the constant resistance and time varying resistance models. Figure 2 shows the importance of including time varying resistance and better mass flow approximations than (3), if it can be done computationally cheaply. On average for nodes between 20 and 100 there is a 15x speed increase over the FE method showing significant computational savings for the new method. Note that no use was made of the analytical solution in (20) which would give further significant reductions in computation as eigen-vectors and eigen-values are very quick to compute even for large matrices.
V. CONCLUSION
An alternative formulation for the VProf model of [1] is investigated, which turns the non-linear differential equations into linear differential equations with an analytical solution. This is approach is shown to produce solutions very close to the original method with a significant ~15x computational saving. The new method is important as it enables more physiological accuracy with minimal cost in increased computation, enabling greater clinical application of these models.
